This paper presents a scheme to design a tracking controller for a class of uncertain nonlinear systems using a robust feedback linearization approach. The scheme is composed of two steps. In the first step, a linearized uncertainty model for the corresponding uncertain nonlinear system is developed using a robust feedback linearization approach. In this step, the standard feedback linearization approach is used to linearize the nominal nonlinear dynamics of the uncertain nonlinear system. The remaining nonlinear uncertainties are then linearized at an arbitrary point using the mean value theorem. This approach gives a multi-input multi-output (MIMO) linear uncertain system model with a structured uncertainty representation. In the second step, a minimax linear quadratic regulation (LQR) controller is designed for MIMO linearized uncertain system model. In order to demonstrate the effectiveness of the proposed method, it is applied to a velocity and altitude tracking control problem for an air-breathing hypersonic flight vehicle.
I. INTRODUCTION
In this paper, a robust tracking control scheme is designed for a class of uncertain nonlinear systems. The design is composed of two steps. In the first step a linearized uncertainty model for the uncertain nonlinear system is developed using a robust feedback linearization approach. The feedback linearization approach has many applications in the process control and aerospace industries. Using this method, a large class of nonlinear systems can be made to exhibit linear input-output behavior using a nonlinear state feedback control law. One of the limitations of the standard feedback linearization method is that the model of the system must be exactly known. In the presence of uncertainty in the system, exact feedback linearization is not possible and uncertain nonlinear terms remain in the system. In order to resolve the issue of uncertainty after canceling the nominal nonlinear terms using the feedback linearization method, several approaches have been considered in the literature [1] - [3] , [13] .
In this paper, we approach the uncertainty issue in a different way and represent the uncertain nonlinear system in an uncertain linearized form. We use a nominal feedback linearization method to cancel the nominal nonlinear terms, and use a generalized mean value theorem to linearize the nonlinear uncertain terms. In our previous work [10] , [12] , the uncertain nonlinear terms are linearized using a Taylor expansion at a steady state operating point by considering a structured representation of the uncertainties. This linearization approach approximates the actual nonlinear uncertainty by considering only the first order terms and neglecting all of the higher order terms. In [11] , we introduced the linearization of nonlinear terms using using a generalized mean value theorem [4] , [8] approach. In [11] , the upper bound on the uncertainties is obtained by using unstructured uncertainty representations. The bound obtained using an unstructured uncertainty representation may be conservative which may degrade the performance of the closed loop system. In order to reduce conservatism and to obtain an uncertain linearized model with a structured uncertainty representation, a different approach for obtaining an upper bound is presented here. Here, we assume that the uncertainty satisfies a certain integral quadratic constraint (IQC) so that minimax robust control design approaches can be applied to the transformed system [9] .
The paper is organized as follows. Section II presents a description of the considered class of uncertain nonlinear systems. Our approach to robust feedback linearization is given in Section III. Derivation of the linearized uncertainty model and tracking controller for an air-breathing hypersonic flight vehicle (AHFV) along with simulation results are presented in Section IV. The paper is concluded in Section V with some final remarks on the proposed scheme. The long version of this paper can be seen in [15] .
II. SYSTEM DEFINITION
Consider a multi-input multi-output (MIMO) uncertain nonlinear system as follows:
where
For simplicity, we consider the system with same number of inputs and outputs. However, method can be extended to the non-square systems. Furthermore, the system has norm bounded uncertain parameters lumped in the vectorp ∈ R q . Also, f (x,p), g i (x,p), and ν i (x,p) for i = 1, · · · , m are assumed to be infinitely differentiable (or differentiable to a sufficiently large degree) functions of their arguments. The termḡ(p, x, u) in (1) is a nonlinear function which represents the couplings in the system. The full state vector x is assumed to be available for measurement.
III. FEEDBACK LINEARIZATION
In this section, we first simplify the model (1) so that the term involving ǫ vanishes. Here we assume that |ǫ| is sufficiently small and hence indicates weak coupling. Instead of neglecting this coupling in the control design, we model ǫḡ(p, x, u) as an uncertainty functiong(p,p, x) with certain bound, where,p denotes a new uncertainty parameter whose magnitude is bounded. The parameterp appears due to the removal of coupling terms which depend on the input u. Now we can write (1) as follows:
wheref (x, p) = f (x,p) +g(p,p, x) is an infinitely differentiable function and p = [pp] T ∈q, whereq = q + 1. Here, p 0 is the vector of the nominal values of the parameter vector p and ∆p is the vector of uncertainties in the corresponding parameters as follows:
We assume that a bound on |∆p s | is known for each s ∈ {1, · · · ,q}. The standard feedback linearization method can used on the nominal model (without uncertainties) by differentiating each individual element y i of the output vector y a sufficient number of times until a term containing the control element u appears explicitly. The number of differentiations needed is equal to the relative degree r i of the system with respect to each output for i = 1, 2, · · · m. Note that a nonlinear system of the form (2) with m output channels has a vector relative degree r = [r 1 r 2 · · · r m ] [6] . We also assume that the nonlinear system (2) has full relative degree; i.e. m i=1 r i = n, where n is the order of the system.
It is shown in [10] that in the presence of uncertainties exact cancellation of the nonlinearities is not possible because only an upper bound on the uncertainties is known: Indeed, we obtainẋ
where, ∆f , and ∆g k are the uncertain parts of their respective functions. After taking the Lie derivative of the regulated outputs a sufficient number of times, the system (3) can be written as follows:
and the Lie derivative of the functions ν i with respect to the vector fieldsf and g k are given by
Note that in equation (4), we have deliberately lumped the uncertainties at the end of a chain of integrators. This is because the uncertainties in y 1 i , · · · , y ri−1 i will be included in the diffeomorphism, which will be defined in the sequel. The feedback control law
partially linearizes the input-output map (4) in the presence of uncertainties as follows:
.vm] T is the new control input vector. Furthermore, we define an uncertainty vector ∆Wi which represents the uncertainty in each derivative of the i th regulated output as
and write y i for i = 1, 2, · · · , m as given below.
Let us define a nominal diffeomorphism similar to the one defined in [11] for each partially linearized system in (8) for i = 1, · · · , m as given below:
(9) Using the diffeomorphism (9) and system (8) , we obtain the following:χ
Here, in contrast to our previous work [10] - [12] we perform the linearization of ∆W (χ, v, p) using a generalized mean value theorem [4] , [5] such that no higher order terms exist.
: Rn → R be a differentiable mapping on Rn with a Lipschitz continuous gradient ∇w (j) i . Then for given χ and χ(0) in Rn, there exists a vector
Proof: For proof, see [5] . We can apply Theorem 1 to the nonlinear uncertain part of (10). Let us define a hyper rectangle
where χ i , and v i denote the lower bounds andχ i , and v i denote the upper bounds on the new states and inputs respectively. For this purpose, the gradient of w
is found by differentiating it with respect to χ and v at an arbitrary operating point c ij = (χ,ṽ,p) for i = 1, 2, · · · , m and j = 1, 2, · · · , r i where, χ TṽT T ∈ B, andp ∈ Θ. We assume w (j) i (χ 0 , v 0 , p 0 ) = 0, χ(0) = 0, and v(0) = 0 and write w (j) i (.) as follows:
Then ∆W (.) can be written as
A. Linearized model with structured uncertainty Note that the matrix Φ is unknown. However, it is possible to write bounds on each term w ′ (j) i (c ij ) in Φ individually and represent them in a structured form. For this purpose, we define each individual bound as follows:
. . .
Using the definition in (15) and (14), the model (10) can be rewritten aṡ
whereC k for k = 1, 2, · · · ,n is an × 1 vector whose kth entry is one and the other entries are zeros,K k for k = 1, 2, · · · ,n is a 1 ×n vector whose kth entry isρ k and the other entries are zero,G 1 , · · · ,G ri−1 ,G ri+1 , · · · ,Gn −1 = 0 for i = 1, 2, · · · , m andG (.) is a 1 × m vector as defined below:G r 1 = [ρr 1ρ r 1 · · ·ρr 1 ], G r 1 +r 2 = [ρ r 1 +r 2ρ r 1 +r 2 · · ·ρ r 1 +r 2 ], . .
.
and ∆ k < 1. Using the above definitions of variables, we will write the system in a general MIMO form as given below:
where Proof: The proof directly follows from the form of the feedback control law (5) which cancels all the nominal nonlinearities and the linearize the remaining uncertain nonlinear terms using the generalized mean value theorem at [χṽ] T ∈ B, andp ∈ Θ. Since the generalized mean value theorem allows us to write any nonlinear function as an equivalent linear function, which will be tangent to the nonlinear function at some given points, we can linearize the remaining uncertain nonlinear terms using the generalized mean value theorem. Finally, it is straight forward to write the entire uncertain nonlinear system (1) in the linear controllable form (18) by finding the maximum norm boundρ in (15) on the linearized uncertain terms in the region being considered, [χṽ] T ∈ B, and p ∈ Θ.
IV. AHFV EXAMPLE

A. Vehicle Model
The nonlinear equations of motion of an AHFV used in this study are taken from Sigthorsson and Serrani [14] . The equations of motion are given below:
See [14] for a full description of the variables in this model. The approximations of the forces and moments are given as follows in [14] :
D ≈qSCD(α, δe, δc, ∆τ1, ∆τ2),
Myy ≈ zT T +qScCM (α, δe, δc, ∆τ1, ∆τ2),
Ni ≈qCN i [α, δe, δc, ∆τ1, ∆τ2], i = 1, 2, 3.
The coefficients obtained from fitting the curves are given as follows. These coefficients are obtained by assuming states and inputs are bounded and only valid for the given range.
Here, we remove the function arguments for the sake of brevity:
Here, M ∞ is the free-stream Mach number, andq is the dynamic pressure, which are defined as follows:
Also, ρ(h) is the altitude dependent air-density and M 0 is the speed of sound at a given altitude and temperature. The nonlinear equations of motion have five rigid body states; i.e., velocity V , altitude h, angle of attack α, flight path angle γ, and pitch rate Q. The CFM also has 6 vibrational modes and they are represented by generalized modal coordinates η i . There are four inputs and they are the diffuser-area-ratio A d , throttle setting or fuel equivalence ratio φ, elevator deflection δ e , and canard deflection δ c . In this example, tracking of velocity and altitude will be considered.
B. Feedback linearization of the AHFV nonlinear model 1) Simplification of the CFM:
The CFM contains input coupling terms in the lift and drag coefficients. We simplify the CFM in a robust way as presented in Section III so that the simplified model approximates the real model and the input term vanishes in the low order derivatives during feedback linearization. For more detail see arxiv:0426665. The simplified expressions for lift, moment, drag, and thrust coefficients now can be written as follows:
where ∆C l is the uncertainty in the lift coefficient C L (α) due to the uncertain interconnect gain and ∆C d is the uncertainty in the drag coefficient C D (α) due to the input coupling terms. Furthermore, in order to obtain full relative degree for the purpose of feedback linearization, we dynamically extend the system by introducing second order actuator dynamics into the fuel equivalence ratio input as follows:
After this extension the sum of the vector relative degree is equal to the order of the system n; i.e. n = 7 and thus satisfying one of the conditions for feedback linearization [6] . We use Theorem 2 to linearize the AHFV dynamics. The outputs to be regulated are selected as velocity V and altitude h using two inputs, elevator deflection δ e , and fuel equivalence ratio φ c . Note that we fix the diffuser area ratio A d to unity. The new simplified model consists of seven rigid states x = V h γ α φφ Q T and can be represented by a general form as follows:
x(t) =f (x, p) + The following set of uncertain parameters are considered for the development of a linearized uncertainty model:
We assume that p ∈ Θ, where Θ = {p ∈ R 9 | 0.9p 0 ≤ p i ≤ 1.1p 0 for i = 1, · · · , 9}. In this example, the output V and the output h are differentiated three times and four times respectively using the Lie derivative and control law (5) is applied to get the following equation.
...
V h 4 = v1 v2
Nominal linear part
where ∆ ...
V (x, u, p 0 , ∆p) and ∆h 4 (x, u, p 0 , ∆p) are the uncertainties in ... V and h 4 respectively. Also, by using the fact that there are no uncertainty terms inV , andḣ, we can write linearized input-output map for the AHFV model using (8) as follows:
Let us define a diffeomorphism for each system as in (9) which maps the new vectors ξ and η respectively to the original vector x as follows:
and V c and h c are the desired command values for the velocity and altitude respectively. We write each diffeomorphism as follows:
where χ = ξ1 ξ2 ξ3 ξ4 η1 η2 η3 η4 η5 T , and
T (x, p, Vc, hc) = T1(x, p, Vc) T2(x, p, hc)
. Now we can transform the nominal part of (31) into the new states using the transformation (33) and linearize the uncertainty parts of (30) using the generalized mean value theorem as follows:
In this section, we write the equation (34) in a structured form as presented in Subsection III-A. Using (15) , (16), and (17) we can write (34) as given below: 
Using the above definition of the variables, we can write the system in the general MIMO form given in (18), where
C. Minimax LQR Control Design
The linearized model (18) corresponding to the AHFV uncertain nonlinear model (19) allows for the design of a minimax LQR controller for the velocity and altitude reference tracking problem. The method of designing a minimax LQR controller is given in [9] . We assume the uncertainty in the system (18) satisfies following IQC and the original state vector x is available for measurement. 
where D j > 0 for each j = 1, · · · , m is a given positive definite matrix. The cost function selected is as given below:
where Q = Q T > 0 and R = R T > 0 are the state and control weighting matrices respectively. A minimax optimal controller can be designed by solving a game type Riccati equation
The parameters τ k , for k = 1, 2, · · · , 9 are selected such that they give the minimum bound on the cost function (37). The minimax LQR control law can be obtained by solving the ARE (38) for given values of the parameters as follows:
is the controller gain matrix. The parameters Q and R are selected intuitively so that required performance can be obtained. These parameters are given as follows: 
D. Simulation Results
The closed loop nonlinear AHFV system with the minimax LQR controller (39) is simulated using step input commands for the following three cases:
1. Uncertain parameters equal to their nominal values, with no uncertainty. 2. Uncertain parameters 20% lower than their nominal values. 3. Uncertain parameters 20% larger than their nominal values. The responses of the closed loop system given in Fig. 1 -Fig. 2 show that the minimax LQR controller along with the feedback linearization law gives satisfactory performance. V. CONCLUSION In this paper, a robust nonlinear tracking control scheme for a class of uncertain nonlinear systems has been proposed. The proposed method uses a robust feedback linearization approach and the generalized mean value theorem to obtain an uncertain linear model for the corresponding uncertain nonlinear system. The scheme allows for a structured uncertainty representation. In order to demonstrate the applicability of the proposed method to a real world problem, the method is applied to a tracking control problem for an air-breathing hypersonic flight vehicle. Simulation results for step changes in the velocity and altitude reference commands show that the proposed scheme works very well in this example and the tracking of velocity and altitude is achieved effectively even in the presence of uncertainties. 
